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ABSTRACT

The1957musicalcompositionAchorripsisby IannisXenakiswas
composedusing four different probability distributions,applied
over threedifferentorganizationaldomains,during the courseof
the 7 minutepiece. While Xenakisdid not havesoni�cation in
mind, his artisticchoicesin renderingmathematicalformulations
into musicalevents(time,space,timbre,glissandospeed)provide
usefulcontributionsto the“mappingproblem”in threesigni�cant
ways:

1. Hepushesthelimit of loadingtheearwith multiple formu-
lationssimultaneously.

2. His mappingof “velocity” to string glissandospeedpro-
vides a useful methodof working with a vectorquantity
with magnitudeanddirection.

3. His artistic renderings,ie. “musi�cations” of thesedistri-
butions,invite thequestion,in general,asto whethermusi-
cal/artisticsoni�cationsaremoreintelligible to thehuman
earthansoni�cationspreparedwithout anymusical“�lter-
ing” or constraints(e.g. thattheycouldbenotatedandper-
formedby musicians).

1. INTR ODUCTION

Xenakiswasprofessionallyinvolvedwith threedistinctdisciplines:
music,architecture,andscienceandmathematics.In 1976,here-
ceiveda “Doctorat d'État” from theSorbonne[2], for his contri-
butionsin thesethree�elds. He studiedcivil engineeringat the
AthensPolytechnicand later worked in Parisas an engineering
assistantfor Le Corbusier, who wasso impressedwith his work
that he delegatedarchitecturalprojectsto him [3]. He went on
to designthe Phillips Pavilionat the 1958World's Fair in Brus-
sels. As a composer, Xenakisstudiedextensively with Olivier
Messaien,who encouragedhim to usehis mathematicalandengi-
neeringbackgroundin composition,andcomposedfull time from
1960[3]. Hisscienceandmathematicalworkwentfarbeyondcivil
engineeringinto thekinetic theoryof gases,probabilitytheoryand
computerscience.Many of his compositionswereimplemented
throughtheuseof computerprograms.In the1970's,Xenakisin-
ventedtheUPIC[5] systemwhichallowstheuserto creategraphi-
caldesignsona tabletandhavethemrendereddirectly into sound.
His last compositionO-Mega waspremieredin November, 1997
[3] andhediedonFebruary4, 2001.

Achorripsis(Greekfor “jets of sound”), composedin 1956-
57, was �rst performedin BuenosAires in August, 1958 under
thedirectionof HermanScherchen,who, until his deathin 1963,
championedXenakis' music [7] [6]. The work received further
performancesin 1959in Europe(to mostlyscandalousreaction),
andin theearly1960's in Americaunderthedirectionof Gunther
Schuller, LukasFossandLeonardBernstein[7]. Achorripsishad
a major successduring the �rst all-Xenakisfestival at the Salle
Gaveauin Parisin 1965,performedby theEnsembledeMusique
Contemporaineunderthedirectionof KonstantinSimonovitchfrom
which theonly extantrecordingof thepiecewasmade[6].

His inventionsandmusicarecontroversial.Somecritics sug-
gestthat his extensive writings on his own musicsin Formalized
Music [1], full of numbersandcomplexequations,areintention-
ally obscure.

As far as Xenakisis concerned,let me emphasize
at oncethat I' d be muchmore interestedin his re-
searchif hehadn'tsetout soobviouslyto reduceits
accessibilityandits credibility in a mannerwhich is
immediatelyapparentassoonasyou openhis book
on formalmusics.PierreSchaeffer [4]

Xenakisis regardedin somecirclesas“sloppy” in thepractice
of applyinghismathematicalexpressionsto theactualnotesin his
scores.In orderto verify thatXenakis' proceduresfor Achorrip-
sis were “faithful” to the statisticalformulations,the authorhas
examinedtwo sectionsof the scorein detail andcomparedthem
to Xenakis'own documentationin FormalizedMusic. Thedetails
are too lengthy to presenthere,but the conclusionswill be pre-
sentedin Section2 of thispaper. In Section3, someexcerptsfrom
themusicalscorewill beexaminedwhich illustratehow Xenakis
“musi�ed” therawdistributions.His compositionalprocesscould
be likenedto a “�ltering” of data. SeveralMIDI soundexamples
havebeenprepared,asthebasisfor listeningtests[11]. Finally, the
useof stringglissandospeedisexaminedasapotentiallyrichmap-
ping tool for vectorquantitiessuchasvelocity which haveboth
magnitudeanddirection.

2. ANAL YSIS

2.1. Top Level Organization

The overallschemefor Achorripsisis shown in Fig. 1, andcon-
sistsof a matrix of 28 columns(representingtime blocks)and7
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rows (representingtimbral classesof instruments).Thesetimbral
classesare:

1. Flute (Piccolo,E[ Clarinet,BassClarinet)

2. Oboe(Oboe,Bassoon,Contrabassoon)

3. Stringglissando(Violin, Cello,Bass)

4. Percussion(Xylophone,WoodBlock, BassDrum)

5. Pizzicato(Violin, Cello,Bass)

6. Brass(2 Trumpets,Trombone)

7. Stringarco (Violin, Cello,Bass)

wherethe italicized entriesare the namesof the timbral classes
andtheparenthesizedinstrumentsarethosethatmakeupthatclass.
In all, thereare3 Violins, 3 Cellosand3 Basses,andall strings
moveback and forth over the courseof the piecebetweenglis-
sando, pizzicatoandarcopassages.

The total length of the piece is set to be 7 minutes,which
meansthateachof the28 columnslasts15 seconds.Eachof the
28 time blocksof 15 secondsis setto be6.5 measuresin length,
in which the time signatureis 2

2 with half note= MM 52. Thus
eachmeasure(two half notes)lasts120

52 seconds,andthereare182
measuresin thescore.

Figure1: TheMatrix of Achorripsis [1]

Xenakisdecideshow to allocatemusicaleventsto the7� 28 =
196 cellsof thematrix. To do this, hestartswith theassumption
thattheaveragenumberof events/cell� = 0:6.

He invokesthePoissonprobabilitydistribution,which is used
for situationsin which onewantsto estimatehow manyinstances
of a particulareventwill occurin a giventimeor space.

In the caseof Achorripsis, giventhe (artistic choice)that the
averagenumberof eventspercell is0.6,whatis theprobabilitythat
in anygivencell therewill be0, 1, 2, 3, 4 or 5 eventsoccurring?

ThismaybeestimatedusingPoisson's formula:

Pk =
� k

k!
e� � (1)

wherek is thenumberof events(k = 0; 1; 2; 3; 4; 5 in this situa-
tion), e is thebaseof naturallogarithms(e = 2:71828: : :) andk!
(k factorial)for k! = 5! = 5�4� 3� 2� 1. Equation1 is valid aslong
as� < 7 [9]. By de�nition 0! = 1. For example,theprobability
of 0 eventsoccuringin a cell is:

P0 =
0:60

0!
e� 0:6 = 0:5488 (2)

from which we seethat in slightly overhalf of thecells,no events
will be occurring: 196 � 0:5488 = 107. Applying this same
procedurefor k = 1; : : : ; 5, we �nd thatthenumberof cellsnk in
which k eventsoccuris:

n1 = P1 � N = 0:3293� 196 = 65;

n2 = P2 � N = 0:0988� 196 = 19;

n3 = P3 � N = 0:0198� 196 = 4; (3)

n4 = P4 � N = 0:0030� 196 = 1;

n5 = P5 � N = 0:0004� 196 = 0:

whereN is thetotal numberof cellsin thematrix, ie. N = 196.

2.2. Time Block Organization

Xenakisimposesanadditionalconstrainton thedistributionof the
variousevent classesamonghis 196 cells. He decreesthat the
frequenciesof zero,single,double,triple andquadrupleeventsbe
statisticallydistributedamongstthe28 time blocksin accordance
with Poisson'sLaw. Thus,thenew “unit” or “cell” is now thetime
block.

Sincetherearea total of 65 singleeventsdistributedover28
cells,theaveragenumberof singleeventspercell is now 65=28 =
2:32, which becomesthe new � in the reapplicationof Poisson's
Law, so that theprobabilityP0 of no singleeventsoccurringin a
cell (timeblock) is:

P0 =
2:320

0!
e� 2:32 = 0:09827 (4)

so sincethereare28 time blocks, the numbert0;sing le in which
no singleeventsoccuris 28 � 0:09827= 3. We maynow calcu-
late thenumberof time blockst k ;sing le in which k singleevents
occurs,k = 1; : : : ; 7:

t1;sing le = P1 � T = 0:22799� 28 = 6;

t2;sing le = P2 � T = 0:26447� 28 = 8;

t3;sing le = P3 � T = 0:20453� 28 = 5;

t4;sing le = P4 � T = 0:11862� 28 = 3; (5)

t5;sing le = P5 � T = 0:05504� 28 = 2;

t6;sing le = P6 � T = 0:02128� 28 = 1;

t7;sing le = P7 � T = 0:00705� 28 = 0:
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whereT = 28 is thetotal numberof time blocks.
A similarprocedureis usedto distributethe19doubleevents,

4 triple eventsandsinglequadrupleeventsoverthe28timeblocks.
The“TopLevel” and“Time Block” organizationallevelshavere-
centlybeenanalyzedin thecontextof GameTheory[12].

2.3. Cell Level Organization

At thisstage,Xenakisturnshis focusto thegenerationof eventsat
thenotelevel in eachof the196cellsof Achorripsis. Hestatesthe
theoreticalbasisfor thecalculationof:

1. Thetime betweensuccessiveevents(ie. notes).

2. Theinterval betweensuccessivepitches.

3. The“speed”of theglissandiin thestringglissandocells.

Notethathedoesnotaddressotheraspectsof thescoresuchas:

1. Thestartingpitchesfor eachinstrumentin eachcell.

2. Thedurationof eachnote.

3. Dynamics.

4. Articulation. (Stringarcopassageshavesomestaccatonotes,
brassandwoodwindhaveno articulation,andthereareno
accents).

5. Thetimbral choices.

Xenakischoosesthefollowing statisticaldistributions:

1. Theexponentialdistributionis usedto governthetime be-
tweensuccessiveevents.

2. The linear distribution is usedto governthe intervals be-
tweensuccessivepitches.

3. Thenormaldistributionis usedtogovernglissando“speed”.

2.3.1. ExponentialDistribution

Squibbshasprovidedan excellentoverview of Xenakis' general
useof thesestatisticaldistibutionsin his Ph.D.thesis[8], andhas
simpli�ed someof the notationfound in Xenakis[1]. Squibbs'
versionswill be usedin this paper. The distributionfor the time
betweensuccessivenotesis then:

Pi = e� � iv (1 � e� � v ) (6)

for i = 0; 1; 2; : : :, v is the sizeof the time rangeandPi is the
probabilitythat the time betweeneventswill fall within thegiven
timerangeiv . Xenakischoosesatimerangeof 0.1measure,which
wouldbe 12

52 seconds.� is theaveragenumberof soundspermea-
sure,andcorrespondsto thecirclednumbersin eachcell in Fig. 1.
In theschemeof Achorripsis, a � at or near5.0 correspondsto a
“singleevent”, � = 10, a doubleevent,etc.

2.3.2. LinearDistribution

Squibbs[8] providesa simpli�ed versionof Xenakis' formulation
of thelineardistribution,whichgovernstheintervalsbetweensuc-
cessive pitchesin Achorripsis. This type of distributionis often
appliedto non-temporalsituations.

To constrainthesizetheintervalsbetweenthepitchesof suc-
cessiveentrances,Xenakisuses(in theSquibbssimpli�cation, [8],
p. 86):

Pi =
2

n + 1
(1 �

i
n

) (7)

wherei = 0; 1; 2; : : : ; n. n = g
v , whereg is maximuminterval

sizeandv is theinterval incrementto beusedin preparingthetable
of probabilitiesPi .

2.3.3. NormalDistribution

Xenakis'useof glissandostringsoccurred�rst in Metastasis(arco)
andnextin Pithoprakta(pizzicato). In hisanalysisof Pithoprakta,
he relatesthe distribution of “speeds”of the glissandi (change
in pitch df divided by time incrementdt, df

dt ) to the distribution
“speeds”of gasmolecules,asderivedby Maxwell/Boltzmann.He
carriesovertheanalogyto Achorripsis, thereby, in a sense,“map-
ping” theconceptof velocity to stringglissandi. It turnsout that
thedistributionof speedsin a gasfollows theGaussianor Normal
distribution, which is slightly more complicatedmathematically
than the Poisson,Exponentialor Linear distributions. First, the
probabilitydensityfunctionf (v) for theexistenceof aspeedv is:

f (v) =
2

�
p

�
e

� v 2

� 2 ; (8)

where� is de�ned asthe“quadraticmeanof all possiblevaluesof
v” [1], p. 32,andis relatedto thetemperatureof thegas.Equation
8 doesnot yield the value of the probability directly. The area
boundedby the x-axis, f (v), vertical lines x = v1 andx = v2

is theprobabilityP (� ) thata givenvelocity v will fall within the
rangev1 to v2 (v2 > v1). Thenumericalvaluefor this areamay
beobtainedby integratingEquation8 betweenthelimits 0 and� 1 ,
andthenagainbetween0 and� 2 , andsubtractingthe �rst value
from thesecond.� 1 = v1

� , � 2 = v2
� :

P (� ) = � (� 2) � � (� 1); (9)

where

� (� ) =
2

p
�

Z �

0
e� � 2

d�: (10)

2.4. Analysis Conclusions

A thoroughanalysisandcomparisonof theorywith thescorewas
carriedout in two cells (Cell III �z andCell V � ), but the results
aretoo lengthyto reproducehere.Thegeneralconclusionsare:

1. Xenakiswasmostrigorousis applyingtheexponentialdis-
tributionto thetimebetweenevents,andlesssoin applying
the lineardistributionto the intervals betweenpitchesand
thethenormaldistributionto glissandospeeds.

2. Clearly his intent wasto composemusic,so someartistic
adjustmentswere madeto his distribution results. How-
ever, he followed themcloselyenoughso that theycanbe
usefullyexaminedfrom thestandpointof soni�cation.

3. Thepreparationof thescorewasa remarkablefeatconsid-
ering that he workedwithout the help of a computer, but
calculatedall distributions,andtheir musicalimplementa-
tion, by hand.

3. PERCEPTION

Achorripsiscould be perceivedasa soni�cation of eventsoccur-
ring in real time. Eachof the timbral classescouldbeconsidered
asaseparatedatastream(for a totalof seven).Thedatacouldrep-
resentanyphenomenongovernedby theprobablility distributions
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similar to thosechosenby Xenakis. In this scenario,every musi-
cal eventwould representonedatapointor event.Each15second
cell would thenrepresenta groupof datapointswhich conform
to a speci�c statisticaldistribution(for timing, pitch change,and
(whenspeci�ed)glissandospeedin thestrings.

It is probablyeasiestto �rst focuson thetiming of theevents,
which is governedin Achorripsisby theexponentialdistribution,
seeEquation6, andtheassociatedexplanation.It is critical to re-
alize that while Equation6 providesfor the timing of eventsto
fall within acontinuum,theXenakisrealizationusesonly discrete
values,basedon the durationsof noteswhich he choosesto use
in the score,seeFig. 2. The basicnote values,and their dura-
tions,areexpressedasthenumeratorof a fractionwith 52 asthe
denominator(to correspondto thetempoof MM = 52). To realize
anexponentialdistributionof timebetweenevents,Xenakisdraws
from a rhythmic “palette” of 2 against3 against4 against5. The
smallesttimebetweeneventsis 3

52 seconds,whichoccursbetween
successiveentrancesof aneighthnoteandaquintupleteighthnote.
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22
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Half Note 60/52 seconds

Quarter Note 30/52 seconds

Triplet Quarter Note 20/52 seconds

Eighth Note - 15/52 seconds

Quintuplet Eighth Note - 12/52 seconds
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Note Values in Achorripsis
Edward Childs

Figure2: NoteValuesin Achorripsis

Thetheoreticalandactualeventtimingsfor CellV� areshown
in Table1. Thecorrespondingsectionof thescoreis shown asFig.
3.

Duration � t Score Exp. Distribution
0 - 12 4, 10,12,12,12,12 6 6

12- 24 20,20,20,24 4 4
24- 36 30,30 2 3
36- 48 42,48,48 3 2
48- 60 60,60 2 2
60- 72 72 1 1
72- 84 80 1 1
84- 96 96 1 1

Totals 21 21

Table1: Comparisonof Theorywith Data:� t , Cell V�

In thecolumnof Table1 labeled� t , is a list of all the“times
betweenevents”whichoccurin Cell V� (21 in total),tabulatedby
durationrange.So,e.g.,in the �rst row, theexponentialdistribu-
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Figure3: Cell V�

tion callsfor 6 � t 's in therange0 - 12. Examiningthescore,and
calculatingthetimebetweenentrancesof the22notes,we �nd six
discretevaluesof � t in the range0 - 12: 4, 10, 12, 12, 12, 12,
where,e.g.,4 implies 4

52 = 0:0769 secs.This valueis the time
betweenthe entranceof the D ] in the Contrabass,andthe C] in
theVioloncello,in the�rst measure(third andfourth entrancesin
thatmeasure).

If the musicalconstraintswereabsent,any6 durationvalues
in the(continuous)range0 - 12 wouldstill satisfytheexponential
distribution. Theuseof discretevalues,drawnfrom the“palette”
of notevalues(Fig. 2), resultsin a discerniblerhythmicsignature,
which correspondsto the density � = 3:5 (averagenumberof
eventspermeasure)chosenfor thiscell (seeFig. 1).

Sinceall 89 “active” cells eachhavea distinct valuefor the
density� (thecirclednumbersin Fig. 1) it is temptingto speculate
thattheuseof discretenotevaluesmakesit easier(or at leastmore
enjoyable)for the listenerto recognize,from the rhythm of the
cell, what its densityis. To testthis speculation,a “game” will be
setup,asa preliminarylisteningtest,at theauthor's website[11]
in which theplayerwill attemptto associatesound�lesfrom indi-
vidualcellsin Achorripsiswith thedisplayedmatrixcells.Sound-
�les whichsatisfytheexponentialdistributionbutuseacontinuous
rangeof � t , will beavailablefor comparison.

A follow up to thesetestswould beto determineif it is easier
for a listenerto track two or morestreamsmoreeasilywith the
discreterhythmic con�guration (Xenakishas,at most,six going
simultaneously).How manydifferentstreamscouldthelistenerbe
expectedto track?Froma musicalstandpoint,Achorripsiscanbe
performedunderagoodconductor, who is ableto hearall of these
eventsanddeterminewhetheror nota mistakehasbeenmade.

Xenakis' use of the linear distribution for the intervals be-
tweensuccessive pitchesis moredif�cult to correlatewith theac-
tual notesin the score. Furthermore,thesedistributionsdo not
appearto beaffectedby parameterswhichchangefrom onecell to
theother. That is, otherthanconstraintsimposedby therangesof
the instruments,this lineardistributionappearsto be the samein
all cells, andthushasa “neutral” in�uence, providing moreof a
vehiclefor experiencingtherhythmicevents.
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Xenakismakesa useful contributionto the “mapping prob-
lem” by choosingto maptheconceptof velocity to glissando. In
this mapping,the rateof changeof the pitch (in, say, semitones
per measure)is usedto representsomesort of velocity (in, say,
meterspersecond).Thischoiceleavesopenthepossibilityof rep-
resentinga vectorwith magnitudeanddirection. The glissando
speedrepresentsthe magnitudeof the vector. A directionto the
“right” couldberepresentedby anupwardglissando, to the“left”,
downward. “Up” and“down” could be representedby exponen-
tial shapingof theglissando. Oncethis hasbeendone,theactual
startingpitch of theglissando,thetimbreandtheregisterarestill
“free” to conveyadditionalinformation.

4. CONCLUSIONS

Thescoreof Achorripsisadherescloselyenoughto thecomposer's
statedstatisticaldistributions,especiallyin thetime domainto be
consideredausefulcontributionto the“mappingproblem”in soni-
�cation. The work is challengingin that a lot of information is
beingconveyedin eachcell, andso probablypushesthe loading
of soundto thelimit. His musicalrenderingof thesedistributions
maymakethemeasierto grasp.Listeningtestsareneededto test
this thesis.Themappingof glissandospeedto velocityhasuseful
propertiesfor conveyingvectorquantitieswith bothmagnitudeand
direction, for examplein the soni�cation of computational�uid
dynamics[10].
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