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ABSTRACT

The1957musicalcompositionAchorripsisby lannisXenakiswas
composedusing four different probability distributions,applied
overthreedifferentorganizationalomains,during the courseof

the 7 minute piece. While Xenakisdid not havesoni cation in

mind, his artistic choicesin renderingmathematicaformulations
into musicalevents(time, spacetimbre, glissandospeed)provide
usefulcontributionsto the “mappingproblem”in threesigni cant

ways:

1. He pusheghelimit of loadingthe earwith multiple formu-
lationssimultaneously

2. His mappingof “velocity” to string glissandospeedpro-
vides a useful methodof working with a vector quantity
with magnitudeanddirection.

3. His artisticrenderingsje. “musi cations” of thesedistri-
butions,invite the questionjn generalasto whethermusi-
cal/artisticsoni cationsaremoreintelligible to the human
earthansoni cationspreparedvithout any musical“ Iter-
ing” or constrainte.g.thattheycould be notatedandper-
formedby musicians).

1. INTRODUCTION

Xenakiswasprofessionallynvolvedwith threedistinctdisciplines:
music,architectureandscienceandmathematicsln 1976,here-
ceiveda “Doctoratd'Etat” from the Sorbonnd?2], for his contri-
butionsin thesethree elds. He studiedcivil engineeringat the
AthensPolytechnicand later worked in Parisas an engineering
assistanfor Le Corbusiey who was so impressedwith his work
that he delegatedarchitecturalprojectsto him [3]. He wenton
to designthe Phillips Pavilion at the 1958 World's Fair in Brus-
sels. As a composer Xenakis studiedextensvely with Olivier
Messaienywho encouragethim to usehis mathematicahndengi-
neeringbackgroundn compositionandcomposedull time from
1960[3]. His scienceandmathematicalvork wentfar beyondcivil
engineeringnto thekinetic theoryof gasesprobabilitytheoryand
computerscience.Many of his compositionsvereimplemented
throughthe useof computemprograms.n the 1970%, Xenakisin-
ventedthe UPIC[5] systemwhich allowstheuserto creategraphi-
caldesignonatabletandhavethemrenderedlirectly into sound.
His last compositionO-Mega was premieredn November 1997
[3] andhediedon February4, 2001.

Achorripsis(Greekfor “jets of sound”),composedn 1956-
57, was rst performedin BuenosAires in August, 1958 under
the directionof HermanScherchenwho, until his deathin 1963,
championedXenakis' music[7] [6]. The work receved further
performancesn 1959in Europe(to mostly scandalouseaction),
andin theearly 1960s in Americaunderthedirectionof Gunther
Schuller LukasFossandLeonardBernstein[7]. Achorripsishad
a major succesguring the rst all-Xenakisfestival at the Salle
Gaveadun Parisin 1965, performedby the Ensemblede Musique
Contemporainenderthedirectionof KonstantirSimonovitchfrom
which theonly extantrecordingof the piecewasmadel6].

His inventionsandmusicare controversial.Somecritics sug-
gestthat his extensve writings on his own musicsin Formalized
Music[1], full of numbersand complexequationsareintention-
ally obscure.

As far as Xenakisis concernedJet me emphasize
at oncethatI'd be muchmoreinterestedn his re-
searchf hehadn'tsetout soobviouslyto reduceits
accessibilityandits credibility in amannemwhichis
immediatelyapparentissoonasyou openhis book
onformal musics.Pierre Schaefr [4]

Xenakisis regardedn somecirclesas“sloppy” in thepractice
of applyinghis mathematicaéxpressionso theactualnotesin his
scores.In orderto verify that Xenakis' proceduregor Achorrip-
sis were “faithful” to the statisticalformulations,the authorhas
examinedwo sectionsof the scorein detailandcomparedhem
to Xenakis'own documentatiorin FormalizedMusic. The details
aretoo lengthyto presenthere,but the conclusionswill be pre-
sentedn Section2 of this paper In Section3, someexcerptfrom
the musicalscorewill be examinedwhich illustrate how Xenakis
“musi ed” therawdistributions.His compositionaprocessould
belikenedto a“ ltering” of data. SeveralMIDI soundexamples
havebeenpreparedasthebasisfor listeningtestg11]. Finally, the
useof stringglissandcspeeds examinedasapotentiallyrich map-
ping tool for vectorquantitiessuchas velocity which haveboth
magnitudeanddirection.

2. ANALYSIS

2.1. Top Level Organization

The overallscheméfor Achorripsisis shavn in Fig. 1, andcon-
sistsof a matrix of 28 columns(representingime blocks)and7
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rows (representingimbral classe®f instruments).Thesetimbral
classesre:

1. Flute (Piccolo,E[ Clarinet,BassClarinet)
Oboe(Oboe,BassoonContrabassoon)
Stringglissando(Violin, Cello, Bass)
Percussion(Xylophone WoodBlock, BassDrum)
Pizzicato(Violin, Cello, Bass)

Brass(2 Trumpets,Trombone)

7. Stringarco (Violin, Cello, Bass)

o gk WD

wherethe italicized entriesare the namesof the timbral classes
andtheparenthesizethstrumentarethosethatmakeupthatclass.
In all, thereare 3 Violins, 3 Cellosand 3 Bassesandall strings
move back and forth over the courseof the piece betweenglis-
sandg pizzicatoandarco passages.

The total length of the pieceis setto be 7 minutes,which
meanshat eachof the 28 columnslasts15 seconds.Eachof the
28 time blocksof 15 secondss setto be 6.5 measuresn length,
in which the time signatureis % with half note= MM 52. Thus
eachmeasurdtwo half notes)lasts% secondsandthereare182
measurein thescore.

Figurel: TheMatrix of Achorripsis [1]

Xenakisdecidesow to allocatemusicaleventstothe7 28 =
196 cells of the matrix. To do this, he startswith the assumption
thattheaveragenumberof events/cell = 0:6.

He invokesthe Poissomprobability distribution,whichis used
for situationsin which onewantsto estimatehow manyinstances
of aparticulareventwill occurin agiventime or space.

In the caseof Achorripsis giventhe (artistic choice)thatthe
averageumberof eventspercellis 0.6, whatis theprobabilitythat
in anygivencell therewill be0, 1, 2, 3, 4 or 5 eventsoccurring?

This may be estimatedisingPoissons formula:

k

Pk = We 1)

wherek is thenumberof events(k = 0; 1; 2; 3; 4; 5 in this situa-
tion), e is the baseof naturallogarithms(e = 2:71828:::) andk!
(k factorial)fork! = 5= 5 4 3 2 1. Equationl is valid aslong
as < 7[9]. By de nition 0! = 1. Forexample the probability
of 0 eventsoccuringin acellis:
.R0

Po = %e 06 = 0:5488 2)
from which we seethatin slightly overhalf of thecells,no events
will be occurring: 196  0:5488 = 107. Applying this same

which k eventsoccuris:

nn=P. N = 03293 196= 65;
n,=P, N = 00988 196= 19;
ns=P; N = 00198 196= 4 A3)
na=Ps, N = 00030 196= 1;
ns=Ps N = 00004 196= 0

whereN is thetotal numberof cellsin thematrix,ie. N = 196.

2.2. Time Block Organization

Xenakisimposesanadditionalconstrainon thedistributionof the
various event classesamonghis 196 cells. He decreeghat the
frequencieof zero,single,double triple andquadruplesventsbe
statisticallydistributedamongsthe 28 time blocksin accordance
with Poissorns Law. Thus,thenew “unit” or “cell” is now thetime
block.

Sincetherearea total of 65 singleeventsdistributedover28
cells,theaveragaumberof singleeventspercell is now 65=28 =
2:32, which becomeghenew in thereapplicationof Poissons
Law, sothatthe probability Py of no singleeventsoccurringin a
cell (timeblock) is:

Py = 2;(3)|2°e 232 = :09827 4)
so sincethereare 28 time blocks, the numbertg;sing 1e in Which
no singleeventsoccuris 28 0:09827 = 3. We may now calcu-
late the numberof time blockstysing 1e in Which k singleevents
occursk = 1;:::;7:

tl;sing e=P1 T = 0:22799 28= 6;
t2;sing e =P T = 0:26447 28= 8;
t.’i;sing e=P3 T = 0:20453 28= 5;
tasng e = Pa T = 011862 28= 3; )
tssingle = Ps T = 0:05504 28= 2;
t6;sing e =Ps T = 002128 28=1;
t7;sing e =Pz T = 000705 28=0:
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whereT = 28is thetotal numberof time blocks.

A similar proceduras usedto distributethe 19 doubleevents,
4triple eventsandsinglequadruplesventsoverthe 28time blocks.
The“TopLevel” and“Time Block” organizationalevelshavere-
centlybeenanalyzedn the contextof GameTheory[12].

2.3. Cell Level Organization

At this stage Xenakisturnshisfocusto thegeneratiorof eventsat
thenotelevelin eachof the 196 cellsof Achorripsis He stateghe
theoreticabasisfor the calculationof:

1. Thetime betweersuccessie events(ie. notes).
2. Theintenal betweersuccessie pitches.
3. The“speed”of theglissandiin thestringglissandocells.

Notethathedoesnot addres®theraspect®f the scoresuchas:
1. Thestartingpitchesfor eachinstrumentin eachcell.
2. Thedurationof eachnote.
3. Dynamics.
4

. Articulation. (StringarcopassageBavesomestaccatmotes,
brassandwoodwindhaveno articulation,andthereareno
accents).

5. Thetimbral choices.
Xenakischoosegshefollowing statisticaldistributions:

1. Theexponentiadistributionis usedto governthetime be-
tweensuccessie events.

2. Thelinear distributionis usedto governthe intenals be-
tweensuccessie pitches.

3. Thenormaldistributionis usedo governglissandd‘'speed”.

2.3.1. ExponentiaDistribution

Squibbshasprovidedan excellentoverviev of Xenakis' general
useof thesestatisticaldistibutionsin his Ph.D.thesis[8], andhas
simpli ed someof the notationfound in Xenakis[1]. Squibbs'
versionswill be usedin this paper The distributionfor the time
betweersuccessie notesis then:

PP=e Y@ e ) (6)
fori = 0;1;2;:::, v is the sizeof thetime rangeandP; is the
probabilitythatthe time betweeneventswill fall within thegiven
timerangev . Xenakischoosestimerangeof 0.1 measurewhich
would be % seconds. istheaveragemumberof soundpermea-
sure,andcorrespondso thecirclednumbersn eachcell in Fig. 1.
In the schemeof Achorripsis a at or near5.0 correspondso a
“singleevent”, = 10, adoubleevent,etc.

2.3.2. Linear Distribution

Squibbg8] providesa simpli ed versionof Xenakis'formulation
of thelineardistribution,whichgoverngheintervalsbetweersuc-
cessve pitchesin Achorripsis This type of distributionis often
appliedto non-temporaskituations.

To constrainthe sizetheintervals betweerthe pitchesof suc-
cessveentrancesXenakisuseqin the Squibbssimpli cation, [8],
p. 86):

a @)

wherei = 0;1;2;:::;n. n = % whereg is maximuminterval
sizeandv istheintervalincremento beusedn preparinghetable
of probabilitiesP; .

2.3.3. NormalDistribution

Xenakis'useof glissandastringsoccurredrst in Metastasigarco)
andnextin Pithoprakta(pizzicat9. In hisanalysisof Pithoprakta
he relatesthe distribution of “speeds”of the glissandi(change
in pitch & divided by time incrementdt, ﬂ—t) to the distribution
“speeds’of gasmoleculesasderivedby Maxwell/BoltzmannHe
carriesovertheanalogyto Achorripsis therebyin a senseymap-
ping” the conceptof velocity to string glissandi It turnsout that
thedistributionof speedsn a gasfollows the Gaussiaror Normal
distribution, which is slightly more complicatedmathematically
thanthe Poisson,Exponentialor Linear distributions. First, the
probability densityfunctionf (v) for theexistenceof aspeedv is:

F(v) = f=e " ®)

where is de ned asthe“quadraticmeanof all possiblevaluesof
v” [1], p. 32,andis relatedto thetemperaturef thegas.Equation
8 doesnot yield the value of the probability directly. The area
boundedby the x-axis, f (v), verticallinesx = vi andx = v,
is the probability P ( ) thata givenvelocity v will fall within the
rangevi to vz (v2 > vi). Thenumericalvaluefor this areamay
beobtainedvy integratingeEquation8 betweerthelimits Oand 1,
andthenagainbetween0 and », andsubtractingthe rst value

fromthesecond. ; = Y&, , = ¥2:
P()= (2 () 9
where
2 z 2

(10)

2.4. Analysis Conclusions

A thoroughanalysisandcomparisorof theorywith the scorewas
carriedoutin two cells(Cell lll z andCell V ), buttheresults
aretoolengthyto reproducénere. Thegenerakconclusionsre:

1. Xenakiswasmostrigorousis applyingthe exponentiabis-
tributionto thetime betweerevents,andlesssoin applying
the linear distributionto the intervals betweenpitchesand
thethe normaldistributionto glissandospeeds.

2. Clearly his intentwasto composemusic, So someatrtistic
adjustmentsvere madeto his distribution results. How-
ever, he followed themcloselyenoughso thatthey canbe
usefullyexaminedrom the standpoinbf soni cation.

3. Thepreparatiorof thescorewasa remarkabldeatconsid-
ering that he workedwithout the help of a computer but
calculatedall distributions,andtheir musicalimplementa-
tion, by hand.

3. PERCEPTION

Achorripsiscould be perceved asa soni cation of eventsoccur-
ring in realtime. Eachof the timbral classesould be considered
asaseparat@atastream(for atotal of seven). Thedatacouldrep-
resentany phenomenoigovernecby the probablility distributions
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similar to thosechosenby Xenakis. In this scenariogvery musi-
cal eventwould represenbnedatapoint or event. Each15 second
cell would thenrepresenta group of datapointswhich conform
to a speci c statisticaldistribution(for timing, pitch changeand
(whenspeci ed) glissandospeedn thestrings.

It is probablyeasiesto rst focusonthetiming of the events,
which is governedn Achorripsisby the exponentialdistribution,
seeEquation6, andthe associate@xplanation It is critical to re-
alize that while Equation6 providesfor the timing of eventsto
fall within acontinuum the Xenakisrealizationusesonly discrete
values,basedon the durationsof noteswhich he choosego use
in the score,seeFig. 2. The basicnote values,and their dura-
tions, are expresseasthe numeratorof a fractionwith 52 asthe
denominatofto correspondo thetempoof MM = 52). To realize
anexponentiatlistributionof time betweerevents Xenakisdraws
from arhythmic “palette” of 2 against3 agains4 againsts. The
smallestime betweereventsis % secondswhichoccursbetween
successieentrancesf aneighthnoteandaquintupleteighthnote.

NoteValues inAchorripsis

Edward Childs

hE°2
Half Note 60/52 second{ Cg,; ‘U ‘U
Quarter Note 30/52 nd| Cg ‘I I I I
Triplet Quarter Note 20/52 dl; ‘I f I ! L L
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BRI LI I T 1111
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5 5

Quintuplet Eighth Note - 12/52

Figure2: NoteValuesin Achorripsis

Thetheoreticabndactualeventtimingsfor CellV  areshowvn
in Tablel. Thecorrespondingectionof thescoreis shavn asFig.
3.

Duration t Score | Exp. Distribution
0-12 | 4,10,12,12,12,12 6 6
12-24 | 20,20,20,24 4 4
24-36 | 30,30 2 3
36-48 | 42,48,48 3 2
48-60 | 60,60 2 2
60-72 | 72 1 1
72-84 | 80 1 1
84-96 | 96 1 1
Totals 21 21

Tablel: Comparisorof Theorywith Data: t, CellV

In thecolumnof Tablel labeled t, is alist of all the“times
betweerevents"whichoccurin Cell V  (21in total), tabulatedby
durationrange.So, e.g.,in the rst row, the exponentiabistribu-

Achorripsis
lannis Xenakis
hiea o
2 3.1 vL 1 ~ T:‘A N [
violn | 2= ——" —o% :
S S N B .
Violoncello L S S |
F i
23 —H—x L <l
el 3 4
3 . . . L )
Vin. & T : {;"
T
v |t [ — i
2 $ 4 .
cb )
Figure3: Cell V

tion callsfor 6 t'sin therangeO - 12. Examiningthescore,and
calculatingthetime betweerentrance®f the22 noteswe nd six
discretevaluesof t in therangeO - 12: 4, 10, 12,12,12,12,
where,e.g.,4 implies % = 0:0769 secs. This valueis thetime
betweenthe entranceof the D] in the Contrabassandthe C] in
theVioloncello,in the rst measurdthird andfourth entrancesn
thatmeasure).

If the musicalconstraintavereabsentany 6 durationvalues
in the (continuousyange0 - 12 would still satisfythe exponential
distribution. The useof discretevalues,drawnfrom the “palette”
of notevalues(Fig. 2), resultsin adiscerniblerhythmicsignature,
which corresponddo the density = 3:5 (averagenumberof
eventspermeasurethoserfor this cell (seeFig. 1).

Sinceall 89 “active” cells eachhavea distinct value for the
density (thecirclednumberdn Fig. 1) it is temptingto speculate
thattheuseof discretenotevaluesmakest easier(or atleastmore
enjoyable)for the listenerto recognize from the rhythm of the
cell, whatits densityis. To testthis speculationa “game” will be
setup, asa preliminarylisteningtest,at the authors web site[11]
in whichthe playerwill attemptto associatesound lesfrom indi-
vidual cellsin Achorripsiswith thedisplayedmatrix cells. Sound-

les whichsatisfytheexponentiatlistributionbutuseacontinuous
rangeof t, will beavailablefor comparison.

A follow upto thesetestswould beto determinef it is easier
for alistenerto track two or more streamsmore easily with the
discreterhythmic con guration (Xenakishas,at most, six going
simultaneously)How manydifferentstreamsouldthelistenerbe
expectedo track? Fromamusicalstandpoint Achorripsiscanbe
performedunderagoodconductorwhois ableto hearall of these
eventsanddeterminevhetheror nota mistakehasbeenmade.

Xenakis' use of the linear distribution for the intervals be-
tweensuccessie pitchesis moredif cult to correlatewith theac-
tual notesin the score. Furthermore thesedistributionsdo not
appeato beaffectedby parametersvhich changefrom onecell to
theother Thatis, otherthanconstraintdmposedby therangesof
the instrumentsthis linear distributionappeargo be the samein
all cells, andthushasa “neutral” in uence, providingmoreof a
vehiclefor experiencingherhythmicevents.
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Xenakismakesa useful contributionto the “mapping prob-
lem” by choosingto mapthe conceptof velocity to glissando In
this mapping,the rate of changeof the pitch (in, say semitones
per measure)s usedto represensomesort of velocity (in, say
metersgpersecond) This choiceleavesopenthe possibility of rep-
resentinga vectorwith magnitudeand direction. The glissando
speedrepresentshe magnitudeof the vector A directionto the
“right” couldberepresentetly anupwardglissandoto the“left”,
downward. “Up” and“down” could be representedby exponen-
tial shapingof the glissando Oncethis hasbeendone,the actual
startingpitch of the glissandothetimbre andthe registerarestill
“free” to corvey additionalinformation.

4. CONCLUSIONS

Thescoreof Achorripsisadheregloselyenougho thecomposes
statedstatisticaldistributions,especiallyin the time domainto be
consideredusefulcontributionto the“mappingproblem”in soni-
cation. The work is challengingin thata lot of informationis
beingcorveyedin eachcell, andso probablypusheghe loading
of soundto thelimit. His musicalrenderingof thesedistributions
may makethemeasierto grasp.Listeningtestsareneededo test
this thesis.The mappingof glissandospeedo velocity hasuseful
propertiesgor corveyingvectorquantitiesvith bothmagnitudeand
direction, for examplein the soni cation of computational uid
dynamicdq10].
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